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Abstract

This thesis proposal deals with optimal observation of large collections of changing objects. These
objects can change at random times, so we cannot know the state of objects for times at which they are
unobserved. The goal of an observer is to maintain acceptably accurate state estimates while minimizing
observational cost. In the thesis work, our goals are to (1) create models for this type of system, (2) show
how these models can be empirically constructed by actually observing real systems, and (3) develop
efficient algorithms for the optimal allocation of observation resources within this framework. An example
of this type of optimization arises in the observation of World Wide Web (WWW) documents by web
search engines and related web software applications. Our initial results include (1) developing statistical
models for such systems; (2) collection of empirical data about how web documents change; and (3)
development of finite-horizon algorithms for maximizing an index’s accuracy. Although the algorithms
presented are intended for optimizing the recency of document indices, they are general enough to be
applied to any dynamic collection of objects. The work is important and novel in that it takes proper
account of the cost of observing, a concept that is crucial to monitoring problems in many communications
systems.

1 Introduction

In any system in which observation resources are limited, a choice must be made as to how they are best
allocated. The guiding principles in this allocation are essentially independent of the system under obser-
vation: an observer desires comprehensiveness and accuracy, attained at the price of making observations
and interpreting the results. While a system is not under observation, its state is accumulating uncertainty

according to the dynamics of its evolution. When this uncertainty becomes intolerable, observations are
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made and combined with past state estimates to form a sufficiently accurate estimate of the current system
state.

This is not a new idea—biological sensory systems are always forming state estimates using limited ob-
servation capability. Moreover, they are extremely efficient, in that they rarely waste effort paying attention
to slow-changing or unimportant systems. Human vision discerns movement within static fields, and smells
and sounds cease to be novel after they have been sensed for some short time. Consider where visual focus
is directed when driving: the road is the source of the most important information, as well as the source
which changes most quickly. Changes in the state of other items, such as the rear-view mirror image, the
vehicle speed, the radio reception, and the fuel remaining are deemed either less important or more slowly
varying, and are therefore given less frequent visual attention.

To illustrate and formalize some of these characteristics of observation systems, we propose an in-depth
analysis of an example. A World Wide Web (WWW) search engine is a dedicated observation system with
the goal of having the most accurate picture of the Internet possible at any given time. To achieve this goal,
limited computational, network, and storage resources are devoted to scouring the Web for new documents,
and also to re-examining old documents to inspect them for changes. Whether done in sequence or in
parallel, a search engine must always decide what page or pages to examine next. This reduces to some
simple questions: when is the best time to re-examine a document, given knowledge of that document’s
history and the priority placed on having correct knowledge of its state? Indeed, how should we describe a
document’s state?

If resources were unlimited, optimality would be a non-issue: each and every document could be monitored
as frequently as desired, watching for changes to appear. Of course, an observation does have obvious costs
associated with it, since a machine uses time (some network latency and some CPU cycle time) to retrieve
and inspect a document, and disk space to store the results. In exchange for this cost, the search engine
benefits from a more current index of previously explored documents, a more comprehensive collection (if
new documents are discovered), and an accurate picture of the “dynamics” of the documents in question.

An understanding of how documents change is necessary to maximize the recency of the index, since
knowing a document’s change dynamics allows us to waste fewer observations. When the engine must decide
which document to examine next, some documents will be more likely to have changed since last inspection

than others. It makes sense to re-examine these more often than documents which exhibit greater stability.



Algorithms for selecting the next observation can also account for how the collection may look as a result of
page checks yet to be run, so that planning can take into account the likely outcome of making observations.
Looking ahead requires that we consider not only the immediate result of an observation, but also the long-
term value of the information so obtained. If the index is being used for user searches, then it has the
most value for frequently-requested documents. It seems reasonable that resources should be preferentially
allocated to the documents that are popular, fast-changing, or both.

For all documents, this requirement can be interpreted within a common framework: we will choose to
observe a document when the uncertainty in its state becomes intolerable. A documents’s dynamics will
determine how quickly we lose confidence in previous observations, and the popularity of that document
will determine how much uncertainty is tolerable. This fundamental idea was developed in [CBB™97] in the
context of alleviating uncertainty through communications actions. The work described systems in which
knowledge of dynamics was put to use in anticipating the accumulation of uncertainty.

We do not begin with knowledge of the dynamics of our documents prior to their observation, so planning
must involve building models from previous observations. This is a tricky problem, since we will be basing
observation schedules on these dynamic models. Similar problems in the experimental design literature
are referred to as “allocation problems” [HS98], classic examples of which are “bandit problems” [Ber87].
The terms stems from the plight of a casino gambler, having the option of playing some number of slot
machines (colloquially known as “one-armed bandits”). The payoff from each machine is governed by some
unknown probability distribution. The gambler wishes to maximize his winnings, but without knowing
which slot machine is likely to pay off, his strategy is initially uncertain. Every play he makes is a mixture of
experiment and attempted profitability—the gambler bets the cost of one observation that he will eventually
increase his expected winnings. This is done by modifying strategy and playing the most profitable machines,
while still occasionally exploring less well-understood possibilities.

For the search engine, the parallel is played out with the search engine’s web robot as the gambler, and
individual documents as slot machines. The payoff is expressed in terms of the expected benefit gained
by re-indexing a page. Though bandit problems are fairly tractable for problems involving only a few
machines, they quickly become complicated as problem size increases. Inasmuch as a lower bound on the
size of the indexable WWW has been estimated to be near 320 million pages [LG98], the web gambler

faces a challenging task. Further complicating the game, a document’s change probability is generally non-



stationary: page changes tend to become more likely after some time has passed since the last change. The
web robot also assigns additional value to having looked at all pages in the collection; the gambler would
be happy to play only one machine forever, if it always paid off. Still, the underlying problem remains the

same: what is the best way to bet the cost of observation to maximize winnings?

2 Analysis and modeling

Before considering the value of experimentation, it is necessary to understand how the problem can be
approached if we have precise knowledge of document dynamics. To do so, three things are essential: a
representation of the document’s state, knowledge of the dynamics of state evolution, and a formalization of

the value of perfect state knowledge.

2.1 State definition

To choose an appropriate state definition, we first consider the reasons pages change. The simplest possible
model assumes that page changes occur like lightbulbs failing, such that page “lifetimes” are governed by
a single-parameter memoryless process. Some promising work has been conducted for describing the main-
tenance of document collections in which pages change according to exponential distributions with known
parameters [CLW97], in which it is shown that all pages in a collection should be revisited at intervals that
are as regular as possible. However, some page change dynamics may not be well-described by memoryless
processes, so these results may not apply. Additionally, it may not be easy to determine in advance which
pages’ dynamics are memoryless and which are not. In this section we demonstrate that the time since a
page last changed can be an important factor in predicting the likelihood of future changes.

Viewed very simplistically, page changes occur when a page’s maintainer notices and reacts to newly-
discovered information related to that page’s content. The time between page changes is partly from waiting
for these motivations to arrive, and partly from waiting for the maintainer to respond. By modeling these two
times as independent random variables, we can draw some simple conclusions about their sum. Although
the accumulation of motivation may progress according to rather complicated dynamics, assume for this
discussion that motivation arrives in a memoryless fashion, such that the time between these arrivals is
governed by

Dy (t) = Mie ™8t > 0. (1)



Further, assume that the time it takes the maintainer to respond to the arrival of new motivation is a similar
random variable:

Dy (t) = dge 2 1 >0 (2)
In (1) and (2), the parameters \; describe the speed of the two processes, with large values corresponding to
shorter times. The total time taken from motivation to response is the sum of these two random variables.
Since the two times are independent, the probability of a particular sum is the product of the two probabilities
of the summands. To find the probability of a particular sum ¢, we integrate the product over all possible
two-term combinations that add to ¢. This integral is a convolution of (1) and (2):

v=t A A
D; (t) = Dy (t) * D () = AlAz/ e Mre My = S et — o] (3)
=0 2 T Al

If Ay = Ao, the final result is indeterminate (0/0), but this problem can be avoided by simplifying the

integrand of (3). Notice also that (3) is maximized for the value of ¢t where D;(¢) and D5(t) intersect:

A1

tmaz = (A1 — A2) In <)\—2> (4)

An example of how the distributions are related is shown in Figure 1. Next, we show that the sum of these
two memoryless variables is no longer memoryless. For a memoryless distribution f(t), the passage of a time

to should not change the distribution. If f(¢) is causal (i.e., f(¢) = 0 for ¢ < 0), then this implies that:

f(t+1o)

f(t)zw

(5)

This is just a requirement that the distribution f (¢) be self-similar, such that if time advances by to, a
simple rescaling of f (¢ + to) will recover the original function f (), as is easily confirmed for exponential
distributions. To show that (3) is not memoryless, we can use (5), or we can simply observe that it cannot
be self-similar. Clearly, as the time tg advances past tmqe, the function goes from being unimodal (having
maximum at ¢ = e — to) to being monotonically decreasing (having maximum at ¢ = 0), and therefore
does not preserve the original shape.

If the decay constants in Dy or D» are very different, then the resulting page change interval distribution
will be nearly memoryless. When either \; is large, then D; resembles an impulse §(0), so the convolution (3)

will return a distribution that is very nearly exponential with the smaller decay parameter. This corresponds
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Figure 1: The sum of two memoryless random variables is no longer memoryless

to the case in which either D; or D> dominates the sum: reasons to change a page appear much more quickly
(A1 large) than the responses, or the page maintainer is very quick to respond when motivators appear (Ag
large). Regardless of how close A; and Ay are, (3) will always be dominated by the smaller decay parameter
for large t.

This simple model of how pages change suggests that it may not always be appropriate to assume that
page changes are independent of the age (time since the page was last updated) of the page. We temper this
by saying that the distribution may be nearly memoryless under some circumstances. Nonetheless, we model
the probability of a page’s modification as a function of the time since the last modification, to account for

the possibility of time-dependence.

2.2 Time-since-modification as a Markov chain

Since the probability of a page changing may be a function of the time elapsed since the previous modification,
at least some portion of the page’s state must be its age. While other factors undoubtedly influence a page’s
likelihood of change, this proposal assumes that the likelihood of a change is completely determined by

the age. While this age could be treated as a continuous state, quantizing will allow us to keep track of



a large number of models by decreasing storage requirements per monitored document. Any reasonable
discretization of this time will serve our purpose, such as the number of days since the last page change, for
example. Using this definition of state, a probability distribution of the time intervals between changes can
be represented as a Markov chain. This is an oft-used means for describing time-dependent recurrent events;
see [Fel68] for example. Given a state s = n days since the last change, there are only two things that can
occur: either the state will advance to s = n+ 1, or it will reset to s = 0. If we model N + 1 states, then the
state s = N + 1 can be treated as “N or more days since last change.” In this way, we can define a matrix

of transition probabilities as

Preset (0) 1 — preset (0) 0
Dreset (1) 0 1 — preset (1) Ce

M = : : . . (6)
DPreset (N) 0 ot 1- DPreset (N)

If preset(t) # 1Vt € [0, N], then all states of M are recurrent. The function pyese: (t) can be determined
either from the distribution of time intervals between changes, or from the distribution of observed ages
for a particular page. If we find either by estimation from samples, we are implicitly assuming stationarity
of the underlying change dynamics'. Both the age and lifetime distributions (whether or not they can be
modeled) can be used to calculate the conditional probability that a reset will occur in the following time
interval, given that no change has occurred for ¢ time steps. If the time between page changes (lifetime) is

distributed according to a discrete probability mass function f(t), then

f(t)

P (7)
=g

Preset (1) =

In modeling M for a page, we will only be able to define f(¢) for values up to some ¢t = N. At the upper
age limit, the definition for p,ese¢ breaks down, since preser (N) would be unity. This would imply that if
the page ever reaches age IV, then it will change with probability 1 within the next time step. In reality,
though, there must be some chance that the state will remain “N or more time intervals since last change,”
or s; = N. One way to represent this possibility is to assume that preset(IN) = preset (N — 1), or that the

reset times are memoryless after a certain time has elapsed.

L Additional model types are probably needed and will be addressed further in the thesis. For example, empirical modelling
will be inaccurate for a page that changes every weekday, but never on the weekends. The inaccuracy in the model corresponds

to the fact that we have not captured the entire state.



Generally, it will be easier to observe ages of objects rather than change intervals®?. Webpages typically
have a LAST MODIFIED date in the HTTP header, allowing us to sample the age of the document at any time.
Over time, one can build up a distribution g(¢) of observed ages for the document. Moving from an age
distribution g(t) to preser is straightforward. As with the function f(t) defined for (7), we express the age ¢
of an object in some arbitrary units of time. The two probabilities that we wish to determine for age t are
the probability of aging to ¢t + 1 and the probability of being reset to age t = 0. That is, some fraction of the
objects “dies” (changes) before reaching the next age. This fraction, which is preset (£), is just the percent

difference between successive elements of the age distribution:

g —gt+1)

g(t) ®)

DPreset (t) =

To get a feeling for how the matrix M corresponds to different change distributions, we present some
simple examples. If a page changes on a purely periodic basis, say every 3rd time unit, then the matrix M

will be

_= o O

9)

O O =
- O = O

If the system changes according to a Poisson process, then it is memoryless, so the reset probability is

independent of state:

p 1l—p 0
p 0 l_p DR

M= | . _ : (10)
p 0 1-p

We emphasize that this particular definition of state is not the only useful one; other models can emphasize
different aspects of the problem. If we were interested only in capturing the fact that one or more changes
had occurred, a model could be used that is similar to the one used in the classic machine replacement
problem [How60]. This model would be similar to M, except that it would not monitor the age after a page
change had occurred. The system would begin in a transient state, “unchanged, with age ¢”, and when

a change occurs, the system would enter an absorbing state, “changed, with unknown age”. Observation

2Observing change intervals directly would involve recording the state and then monitoring the page at a high sampling rate.

There can be serious difficulties with aliasing, as any change which is observed might be only the last change in a long series.



would force a reset to the transient state having the appropriate age. This and other state definitions will
be explored more fully in the thesis.

Formally, we define the ijth element of M to be the probability that a page of age i will become age j
on the following time step. More generally, by raising M to an integer power k, we can find the probability
(for initial age 7) that the system became age j after k time steps have elapsed since the last observation:

Prob (sy+x = j|s¢ = i) = [MF] (11)

ij
As k grows without bound, the ijth element of M approaches the stationary transition probability Tj,

which is the probability that the page will be observed to be age j if we are given no knowledge of the history

of the page. This is precisely the age distribution mentioned above, g(j):

lim [M*], = 7 =g(j) (12)

k—o0

2.3 Defining a cost function for the index

Using the model just developed, we can define an objective function that can be optimized for the index of
the collection. The objective in a real system could be fairly complex; we will not seek to incorporate all
these features into our initial work on the cost function. Instead, here are two possible choices for objective

functions:

1. Minimize the expected number of pages that are incorrectly indexed in the collection. Objects in the
collection are indexed correctly if no changes have occurred in the object that have not been recorded

in the index.

2. Minimize the total time out-of-date for the entire collection (as was developed in [CLW97]). Unrecorded

object changes add to the cost in proportion to how long the object is expected to have been out-of-date.

We restrict the problem space using some simplifying assumptions. First, assume the document collection

contains a constant d documents. Second, assume that pages can be retrieved at a rate of « pages per day.

th

Define the states corresponding to the rows of the matrix M, to denote the age in days of the r** page in

the collection. Any unit of time could be used, so long as it is consistent across the collection and the rate



« is expressed in the same unit. For each page r, we know that it was last observed k, days ago to have age

1. The probability that page r has changed during this k,-day interval is

Prob (change| {i,, M,., k..})

ME]
jE[O,iTJrkal][ " ]w
(13)

= 1= [Mlﬁr]ir(ir+kr)

We note that this cost is between 0 and 1, corresponding to the cases in which we are absolutely certain that
the page is not out-of-date (0) or is out-of-date (1) at the end of a day.

Using this result, we can formulate costs such as the two listed above. For example, at any given time,
the expected total number of pages that are incorrectly indexed (the indexed version is out-of-date) is just

the sum of the probabilities listed in (13) over the entire collection:

d

Coy =2 (1 - [Mﬁr]ir(ir-i-kr)) (14)

r=1

Since all terms are on [0,1], the cost C(1) is nonnegative and can be no greater than the number of documents
d.
We can calculate the second metric, the expected time out-of-date, by performing a similar sum in which

the out-of-date probabilities weight the number of days out of date to which they correspond:

kr—1

Z(ir k) =Y (kp = §) P (G +ipsin) (15)

j=0
Here, P(j,i,) is the probability that a page goes out-of-date at exactly age j, given that the page was last
observed to have age i,. This can be found from the conditional probabilities pyese:(t). For example, P(1,0)
is, trivially, just prese¢(0). The probability of having gone out of date on the second day, P(2,0), requires
that the page has both aged past the first day, with probability (1 — preser(0)), and reset on the second day,

with probability p,eset(1). These are independent events, so

P(an) = (1 - preset(o))preset(l)- (16)

10



This same logic describes P(N,i,), since the event of resetting on the N th day is conditioned upon the

independent events of having reached that age, one day at a time. Generally,

P (.77 ir) = Dreset (.7) [1 — Preset (.7 - 1)] s [1 — DPreset ('Lr)] > (17)
which can be written as the repeated product

Jj—1
P (j)if‘) = Preset (]) H []- — Dreset (m)] (18)

m=t,

The terms in the product describe the independent probabilities of progressing through each of the ages from
ir to j — 1, which we multiply by the probability of a change on day j. Note that these probabilities can be
calculated recursively:

P (] + l,ir) =P (];Zr) Wl’raset (.7 + ]-) (19)

Recursion can also be used to simplify the calculation of (15). As an example, consider the difference
between finding Z(i,,3) and Z(i,,4), which demonstrates how to advance the cost contributed by a single
page if one day elapses:

Z (ir,3) = 3P (ip,ip) + 2P (i + 1,ip) + P (ir + 2,1,)
(20)
Z (ir,4) = 4P (iy,ir) + 3P (ir + 1,3;) + 2P (ir + 2,i,) + P (i + 3,4r)
If the argument j is advanced by 1, we can simply add to our previous cost value a partial sum of the

sequence P(j,4,). Using (20), the difference in consecutive values would be calculated as:

Z (ip,4) = Z (ir,3) = P (ip,ip)+ P (ir + 1,ip) + P (ir + 2,ip) + P (i + 3,4,)
(21)
= S3(ir) + P (ir +3,i,)
where we have defined
N-1
SN (ir) = > P(j +ir,ir) (22)
j=0

to be the Nth partial sum of the sequence of probabilities P(i, + j,i,). Obviously, this partial sum can be
calculated recursively as well, since Sy4+1(ir) = Sn(ér) + P(ir + N,i,). Being a partial sum of mutually

exclusive and exhaustive probabilities, S (i) approaches 1 as N — oo. The probabilities are exclusive, since

11



a page cannot become out-of-date on more than one day, and they are exhaustive in that the only possible
times for the page to go out-of-date are t € [i,., 00].

Summarizing, we can recursively calculate Z as

Z (ip, N+ 1) = Z (i, N) + Sn11 (ir) (23)

In the limit, each step simply adds one to the expected number of days out-of-date, corresponding to the
notion that an infinitely old page will have been modified at least once, and therefore grows one more day
out-of-date for each day that goes by without an observation.

Having defined Z(i,, N), the cost function for the entire collection is just the sum of this metric over all

documents:

2.3.1 Greedy cost minimization

Using (14) and (24), we can find the best way to reduce the costs that we will incur in the coming day.
By our assumption, we can check a pages per day. The smallest possible cost for the following day can be
obtained if we fetch and re-index the a pages corresponding to the largest terms in the cost summation.
These terms correspond to those pages with the largest probability of being out of date (14), or those that
we expect to have been out-of-date the longest (24). For all of the o pages we fetch, the probability of
being incorrectly indexed is zero. If there is no single best choice for the o pages, then we can select a at
random from the pool of best choices. This situation occurs when applying (14) if more than « pages have
probability 1 (to working precision).

These are the greedy versions of cost minimization, inasmuch as the greatest immediate cost reduction
is chosen. Refinements of these methods operate along the same lines, observing those a pages which afford
the greatest reduction in cost. More complex methods can find the expected cost for more than a single day,
and the actions corresponding to the lowest long-term expected cost can be used. These will be discussed in

a later section, giving more assurance of long-term optimal performance.
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2.3.2 “Liveness” conditions

While having the advantage of being relatively simple, greedy algorithms may force suboptimal long-term
performance. For example, in the re-indexing system, there is the possibility of never checking some subset
of the pages. This is a situation that must be avoided, especially if all items to be indexed are equally
important. In queuing models for computer operating systems, the analogous constraint that all processes
be served is termed a “liveness” condition, which would not be met if there were a subset of pages that
changed so quickly that its members always contributed the largest terms in the cost function. Fortunately,
the two algorithms presented both can be shown to eventually check all pages.

We first consider liveness with respect to the expected pages out-of-date described by (14). Since each
term in the summation is a probability, no term can be larger than 1. Moreover, once a term becomes unity,
it remains so until the page to which it corresponds is checked. If all terms eventually become 1, then all
pages will be checked. Examining the form of each probability term (as given in (13)), it is clear that this
probability becomes unity for page r for any time that forces the sum to include an entire row of the matrix
M.,.. As mentioned above, if there are more than « pages corresponding to terms having probability 1, then
some subsidiary selection process must be used. If no preference is given to any page, then even a random
selection will guarantee that all pages having the maximum probability (in this case, 1) will be checked
eventually. Therefore, the liveness condition is satisfied by the one-step greedy minimization of the expected
number of non-current pages.

Liveness follows in similar fashion for the expected number of time units out-of-date in (23). If the pages
with the « largest values of Z(i,, k,.) are selected for observation, as in the greedy algorithm, then any page
will eventually be included in the observed set. This stems from the fact that Z(i,, k) will increase without
bound if page r is unchecked, thereby guaranteeing that page r will have a large enough cost to guarantee
its inclusion in the observed set (if we wait long enough).

To show this, we define the smallest member of the inspected set of a inspected documents at time step
t to have expected time out-of-date Ci,, (t). For the collection, there will be some time C),, 4, that is greater
than or equal to C),:,(t) for all ¢. That is, there is a largest member of the set of smallest costs. In order for
a document to be included in the inspected set of a documents, it is sufficient to guarantee that its expected
total time out-of-date be greater than C,q,. From (23), as k. grows without bound, we are eventually

just adding unity to the cost with each passing day. Therefore, the expected days out-of-date Z (i, k) will
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eventually become greater than any finite value C),4,. By analogy, imagine we have a lawn in which each
blade of grass will grow forever (becoming more out-of-date) if we never cut (observe) it. Although grass
in the lawn grows at different rates, no matter how high we set the wheels of the mower, we can always be

assured that any blade will eventually grow high enough be cut.

2.3.3 Extending the horizon: two-day cost functions

Having an assurance of liveness is not enough to be satisfied with the long-term performance of the system.
The one-step algorithm does not take into account anything other than the current probability of change for
various pages. Indeed, no one-step method will make use of the difference in change rates among pages. By
using our suspicions of likely behavior beyond the first time step, we can improve expected performance in

future phases of observation. We explore this by considering cost functions evaluated over two days.

A simple two-day example Consider the following simple system that demonstrates how to take ad-
vantage of page change rates. There are two pages, A and B. Page A changes quickly: it has a probability
of 85% of having been changed today, and if unobserved, it will have a 95% chance tomorrow. If, however,
we observe it today, there will be a 25% chance of it having been changed by the end of tomorrow. Page B
changes more slowly. It has an 80% chance today, which becomes 81% tomorrow if B is unchecked today.
If it is checked today, then tomorrow’s probability will be 5%. Assume we can only choose one of these
to observe per day, and that we wish to minimize the total expected number of pages out-of-date over the

two-day period:

1
Z k! [Prob(A changed, t) + Prob(B changed, t)] (25)
=0

Here, k € [0,1] is a “discount factor” with which we account for the relative value of cost avoided today
versus that on subsequent days. This is a reflection of the possibility that immediate benefit may be more
valuable than deferred benefit. For this illustration, we assume k = 1.

There are four possible strategies for two-day observation. These can be written as sequences of observa-
tions, namely AA, AB, BA, and BB. If we observe a page, then it contributes zero cost on that day, since
we consider it “up-to-date” if indexed within the last day. Therefore, the cost for observing A on both days
is exactly the cost of not observing B on those days, namely, 0.8 + 0.81 = 1.61. Likewise, we can find the

two-day cost for each possible sequence of observations, as shown in Table 1. As can be seen, the greedy

14



| Sequence | Cost | Comment |

AB 0.8+ 0.25 =1.05 | lower first day cost; one-day algorithm would pick this one
BA 0.85 + 0.05 =0.90 lower total cost; two-day algorithm would pick this one
AA 0.8+ 0.81 =1.61 page B ignored

BB 0.8540.95=1.80 page A ignored

Table 1: Possible costs in example two-page, one-check system

algorithm would select a suboptimal two-day strategy.

General two-day costs In the general case, we have d pages and « observations. Each of the four possible
strategies chosen for page r will have a single cost associated with it: (i) the cost of not observing on the
first day but then observing on the second; (ii) the cost of not observing on either day; (iii) the cost of
observing on the first day but not on the second; and (iv) the cost of observing on both days. The current
cost calculations have the appealing feature that choosing to observe one page does not affect the cost that
might be contributed by other pages. That is, the cost of not observing a page on any given day depends
only on its age, dynamics, and how recently it was observed.

Moving through these cost possibilities in order, we know that the cost of not observing on the first day

is the same as was given in (13):

Cxo, = Z [Mﬁr]i,‘j =1- [Mﬁr]ir(ir+k,ﬁ) <1 (26)
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Here, we introduce some new notation; we write two-day strategies for page r as sequences of X’s (do not
observe) and O’s (observe). The first letter is the action on the first day, and the second letter indicates the
second day’s action. Thus the two-day cost of not observing page r on the first day and then observing it
on the second day is written C'xo, .

Alternatively, if we choose not to observe on the sec